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consider that strain rates can vary from 10 -6 s -1 , for the case of a static load application, to 10 3 s -1 for hard impact or an explosion. For loads moving across a structure, the strain rate will depend on the mechanical properties of the structure, the magnitude and speed of the load, but it can be assumed to be somewhere between the static (>10 -6 s -1 ) and that associated to earthquake loading (<10 -2 s -1 ). The response of a beam to a moving load has been investigated for numerous scenarios in the literature: uniform and tapered sections [16] , straight and curved alignments [17] , simple supported and continuous spans [18] , un-cracked and cracked sections [19, 20] , Euler-Bernoulli and Timoshenko type [21] , etc. A thorough review can be found in [22] [23] [24] [25] [26] . However, these moving load investigations use material properties that do not vary during the load crossing; in particular, the influence of strain rate on the behaviour of the material is neglected. While the latter will hold true for some materials or applications of small loads at low speeds, recent research confirms the impact of high strain rate on the properties of concrete in bridges [1, 2, 27] . Further evidence can be found in the Bridge Weigh-In-Motion literature, where the static moment in a bridge is related to the measured strain (prior removal of dynamics and noise via a low-pass filter) by scaling the influence line using a calibration factor. The calibration factor is representative of the section modulus and modulus of elasticity at the measurement point and it is obtained by driving a vehicle(s) of known configuration with different speeds and loading conditions over the bridge. However, some Bridge Weigh-In-Motion sites have revealed a tendency of the factor to increase with higher loads and speeds [28] . These sites suggest that the mechanical properties of the bridge are affected by high strain rates and are one of the drivers for the theoretical investigations in this paper. By the first time in the literature, consideration is given to how the strain rate and modulus of elasticity of a beam made of a viscoelastic material change over time due to a moving load. Given that E d is higher than E s , as strain rate rises, the structure will behave in a stiffer way and react to the applied load with a smaller response than initially expected. Simulations are carried out for simply supported beams with different mechanical properties. Load speeds and load magnitudes are also varied in order to assess the impact of introducing a viscoelastic material in the moving load problem.
2-Model to Simulate the Response of a Beam to a Moving Load
The moving load is represented by a constant force and the underlying structure is modelled as a simply supported discretized finite element Euler-Bernoulli beam of constant rectangular cross-section as sketched in Fig. 1 .
Although this simplistic model assumes that the mass of the moving load is much smaller than that of the bridge (i.e., the interaction between both is neglected), it is still widely used in research and in practice. For instance, it has resembled patterns of dynamic amplification versus speed measured in bridges [20] . Therefore, it is deemed to be sufficient for the aim of evaluating the strain rate that may develop in the beam and its potential effect on the overall response. Details on its implementation [29] are provided here. 
where E j , L j , and I j are the modulus of elasticity, length, and second moment of area of each elementary beam. These elementary stiffness matrixes are assembled into the global stiffness matrix [K] (Fig. 1) .
Initially, the modulus of elasticity E j is adopted to be the 'static' modulus E s . However, in the case of using a strain rate dependant material, the modulus of elasticity E j (and hence, the stiffness E j I j ) may adopt a value of 'dynamic' moduli E d that can vary at each point in time. These changes in stiffness are updated using an equivalent moment of inertia as follows. The cross-section of each elementary beam is discretised into strips as in Fig. 2 . In this figure, d is the depth of each strip, which has been adopted to be 0.003 m for the simulations in this paper (i.e., 200 strips for a total element depth of 0.60 m). The displacements of the beam at each node are calculated using the equation of motion in Fig. 1 and the strain • j , k is estimated using Equation (2) 
where k y is the distance from the centre of the k th strip to the neutral axis of the entire cross- There are no previous records on how a simply supported beam with high strain rates may respond to a moving load, therefore, a range of g values is covered here to assess the impact of different degrees of stiffening. In practise, the constitutive model will need to be calibrated on site by taking strain measurements due to the crossing of loads with different magnitudes and at a range of speeds.
The response of the viscoelastic material due to strain rate is incorporated using an equivalent moment of inertia based on the parallel-axis theorem as in Equation (5):
where , ( , , ) ( ) ( )
is the equivalent width of each strip k in element j at time t .
k N is the total number of strips from the extreme fiber in compression to the extreme fiber in tension. ( ) j I t is the equivalent moment of inertia (m 4 ) of beam element j at time t that provides the stiffness from which the strain rate dependent stiffness matrix of the beam can be attained (Fig. 1 ).
The process of obtaining the strain rate and equivalent stiffness throughout the beam is repeated in each time step following calculation of the beam response (displacements and strains) by integration of the equation of motion using the Wilson-q method. Summarizing, all displacements, velocities and accelerations of the beam are initially ('t = 0') assumed to be zero. Following a time increment Dt, the initial elementary stiffness matrices are calculated using Equation (1) , and used to assemble the global matrix [K] that will be part of the equation of motion in Fig. 1 . Using this equation, the displacements are obtained for the time instant 't = 0 + Dt', which are converted to strain using Equation (2) . Strain rate for 't = 0 + Dt' is obtained using strain at times 't = 0 + Dt' and 't = 0' in Equation (3) . Once the strain rate is known, the 'dynamic' moduli of elasticity and the equivalent moments of inertia for every element are calculated using Equations (4) and (5) respectively. The latter are used to update the elementary and global stiffness matrices that will be used to calculate new displacements via the equation of motion for the time instant 't = Dt + Dt'. From these displacements, new strains, strain rates, 'dynamic' moduli of elasticity and equivalent inertias will be obtained and used to update the stiffness matrix in the equation of motion that will provide displacements for the time instant 't = 2Dt + Dt'. This process of calculating displacements -> strain -> strain rates -> 'dynamic' moduli -> equivalent inertias -> updating stiffness matrices illustrated in Fig. 1 is repeated for each subsequent time step. While the full model described by Fig. 1 is implemented in Sections 4 and 5, a simpler model without matrix updating at each point in time is used for the results presented in Sections 2 and 3.
In this section, results are generated using a beam made of a constant modulus of elasticity E s for comparison purposes. The inputs and outputs have been normalized following recommendations by Frýba [22] to facilitate generalisation of the results to beam structures with other mechanical properties. Two of the normalized input parameters are speed (a) and damping (b) defined in Equations (6) and (7) respectively.
where a is the dimensionless speed parameter (renamed frequency ratio by Brady, et al. Normalized time, t , (Equation (8)) indicates the location of the load on the bridge and it goes from 0 (instant at which the load enters the bridge) to 1 (instant at which the load leaves the bridge).
where t is the time increment (s) and v is the speed of the moving point load (m/s).
Normalized section, s x , (Equation (9)) represents the beam location under investigation, i.e., 0, 0.5 and 1 represent the section above the 1 st support, the mid-span section and the section above the 2 nd support respectively.
where x indicates distance (m) from the section under investigation to the left-support.
Strain, e , and displacement, u , (Equations (10) and (11) respectively) are also normalized by the corresponding maximum static value, which takes place at the mid-span section when the point load is positioned at mid-span.
where ( ) Fig. 4 and Fig. 5 for a damping parameter b of 0.02 (i.e., equivalent to a modal damping of 2%, a value within the range typically found in bridges [34] ) and three speed parameters: a = 0. the maximum u typically takes place in a section near mid-span, although the location of the load for which the maximum occurs, depends on the speed parameter. Therefore, the impact of the moving load on the response is more noticeable at the highest speed of a = 0.3. , and the maximum normalized value is generally smaller for strains than for displacements. The latter is attributed to differences in the shapes of the static and dynamic content of the strain and displacement responses. For example, while the static components of the strain and displacement responses at mid-span of a beam are triangular and a 3 rd degree polynomial respectively, the dynamic components are sinusoidal. When the static and dynamic components are added together, the total strain response will decrease relatively quicker than the total displacement response as the load starts to move from mid-span towards the supports. Therefore, if the peak of the static component (which takes place when the load is at the measurement location, i.e., it depends on the vehicle speed and the distance from the first support to the measurement location) and a peak of the oscillations due to the dynamic component (which are related to the main frequencies of vibration of the bridge) do not occur at the same time or they are not sufficiently close, the maximum normalized strain will tend to be of a smaller magnitude than the maximum normalized displacement. Equation (3) is used to obtain a preliminary estimate of the strain rates e e (or variation of strain with time) that may develop at each beam section. For this purpose, it is first necessary to convert the normalized strain of Fig. 5 into strain using Equation (10) . The latter requires assuming a beam section, which in this case, it is a rectangular shape of depth 0.6 m (i.e., neutral axis at 0.3 m from the extreme fibers of the section Fig. 7) . Finally, for a = 0.3, the maximum positive normalized strain rate is 10.2, and again, it takes place at s x = 0.28 and t = 0.24 ( Fig. 8 ). High strain rates occur all throughout the span length, although they tend to be positive (increase in strain with time) in the first half, and negative (decrease in strain with time) in the 2 nd half. The impact of speed on strain rate is more significant than on strain or displacement responses. As the speed parameter is increased so is the maximum absolute strain rate, i.e., by 100% (doubled) from a = 0.1 to a = 0.2, and by 54% from a = 0.2 to a = 0.3. The maximum strain rate at s x = 0.28 for a = 0.3 ( Fig. 8) can be explained as a result of the strain rate due to the dynamic component (of a sinusoidal nature) reaching a peak together with the strain rate due to the static component for that section. The strain rate is essentially the slope of the strain curve and locations with the highest strain rate (Figs. 6, 7 and 8) don't necessarily correspond to locations with the highest strain (Fig. 5 ).
3-Material Properties
Equation (4) can be visualized in Fig. 9 for a range of materials with different g values. The strain rate variation (horizontal axis) will depend on the load, its speed and the flexibility of the structure. For strain rates between -30×10 -6 s -1 and 30×10 -6 s -1 (typical of concrete in compression), the modular ratio is assumed to be 1 (i.e., the load is being applied statically) following recommendations by CEB-FIP [30] . e 0 e ) in tension is lower than in compression and as a result, modular ratio in tension will be larger than 1 across a wider range than shown in Fig. 9 . . In this figure, the strain rate is calculated at mid-span via Equation (3) Fig. 10(b) compares the variation of modulus at the bottom fiber of the section (in tension) to that at the top (in compression), being the first more significant due to a lower 0 e 0 e .
Maximum variation of modulus of 3.4% and 10% with respect to the 'static' value are obtained in compression and tension respectively, approximately 0.05 s after the load enters the bridge. Of course, the situation of Fig. 10(b) is unrealistic given that tensile stresses will typically be resisted by steel instead of concrete. For this reason, analysis in further sections will conservatively assume that changes in modulus only occur in the compression side of the section. In Fig. 10(a) , there is a positive strain rate (increase in strain) up to the point when the load is on mid-span and negative (decrease in strain) as the load moves away from mid-span. When the load is located at the mid-span section, the strain rate is relatively small. This abrupt change in strain rate is revealed as a distinct line at 45° in Figs. 6, 7 and 8 and it is the trigger for the sudden change in 'dynamic' modulus of Fig. 10(b) as the load crosses mid-span. It must be pointed that the theoretical variations in strain rate shown in this paper are relatively smooth, and in reality, they will be affected by vehicle-road-bridge dynamic interaction.
Figs. 11-13 illustrate the ratio of d E to s E , versus normalized time and normalized section.
The values in the figure are obtained using Equation (4), where g and 0 e 0 e have been assumed to be 0.026 and 30×10 -6 s -1 respectively in the compression side, and the strain rate has been obtained from Figs. 6-8. The latter is a simplification given that Figs. 6-8 neglect the influence of changes in moduli throughout the beam length and depth with time on strain rate, and they are intended here merely to serve as a preliminary evaluation of how much the moduli may vary. Full simulations taking into account the time-varying nature of the stiffness matrix ( Fig. 1 ) and also bridge specific properties are used to derive the results in Sections 4, 5 and 6. As expected, the patterns of Fig. 6-8 and Figs. 11-13 are similar, particularly at the peak locations. When the speed parameter,a , is increased from 0.1 (Fig. 11 ) to 0.2 ( Fig. 12) , the maximum 'dynamic' modulus, d E , only increases slightly from 1.03 (for the 10 m bridge in Table 1 , it corresponds to a speed of 20.8 m/s, producing a maximum modulus in a section at 2.8 m from left-support and 0.041 s after the load has entered the bridge) to 1.05 (for the 10 m bridge, it corresponds to a speed of 41.6 m/s, producing a maximum modular ratio in a section at 2.8 m and 0.038 s after the load has entered the bridge) times the 'static' modulus s E . For a = 0.3 ( Fig. 13) , changes are more significant and the maximum modular ratio reaches 1.062 (that in the case of the 10 m bridge, it corresponds to a speed of 62.4 m/s leading to a maximum modular ratio in a section at 2.8 m and 0.042 s after the load has entered the bridge). The depth of the beam also plays an important role regarding what fibers will experience a strain rate above the static threshold and as a result, contribute to a change in the neutral axis and in the equivalent section stiffness (= equivalent modulus of elasticity multiplied by second moment of area). Fig. 14 shows the stiffness ratio versus strain rate for a rectangular section with g = 0.026 in the compression side ( g = 0 in the tension side). Here, stiffness ratio is the ratio of equivalent section stiffness (based on the variation of d E throughout the depth) to 'static' stiffness (= s E I ). Larger beam depths lead to higher increases in the equivalent section stiffness. Once the static threshold is exceeded, the equivalent stiffness increases very rapidly up to a strain rate of 0.5×10 -3 s -1 after which the increments become more moderate. 
4-Effect on Displacements and Strains
Displacement and strain responses in Fig. 4 and Fig. 5 have been generated based on the assumption that the modulus of the beam and the global stiffness matrix of the model remain constant with time. In order to analyse the effect of a strain-rate dependant modulus and global stiffness matrix, the entire beam is discretized into 50 finite beam elements. Each elementary beam experiences a strain rate that results into a distribution of moduli of elasticity along the structure. The calculation of the modulus of elasticity for a given beam element is somewhat tedious (Section 2), as strain and strain rate varies for different depths of the beam section. Given that the behaviour in compression and tension are different, the neutral axis can change at different points in time. As a result of applying Equation (4), different moduli of elasticity are found at different depths of a section if the 'static' strain rate is exceeded. The latter requires the determination of an equivalent modulus of elasticity and stiffness (as shown in Fig. 14 
for sections of different depths).
A typical section for a short-span bridge is investigated here. Fig. 15(a) ), the maximum u is 1.0012 (taking place at s x = 0.55 (5.5 m) and t = 0.644 (0.155 s after the load enters the bridge)), which is 5% less than using g = 0 (Fig. 4(b) ). For a = 0.3 ( Fig. 15(b) ), the maximum u is 1.283 (at s x = 0.5 (5 m) and t = 0.464 (0.074 s)) with a 7% reduction compared to g = 0 (Fig. 4(c) ). Similar patterns are found for higher loads, although strain and strain rate will be larger, and as a result, the modulus and the normalized response will be affected to a greater extent. The percentage reduction in maximum normalized response comparing g = 0.026 to g = 0 is slightly smaller for strain than for displacement, in part due to the fact that maximum u for g = 0 is larger than maximum e for g = 0. For a = 0.2 ( Fig. 16(a) ), the maximum e is 1 (at s x = 0.6 (6 m) and t = 0.62 (0.144 s) with 1.8% reduction compared to g = 0 (Fig. 5(b) ).
For a = 0.3 ( Fig. 16(b) ), the maximum value of normalized strain is 1.228 (at s x = 0.44 (4.4 m) and t = 0.473 (0.076 s)) which is 5.15% less than for g = 0 (Fig. 5(c) ). can be achieved in railway bridges [35] . For a = 0.1, the difference between both materials is small due to the relatively low strain rate as well as the assumption that the section material is only varying stiffness in the compression side. When a = 0.3, the maximum u decreases from 1.371 for a perfectly elastic material ( g = 0) to 1.283 for a viscoelastic material with g = 0.026. In addition to g , the 'static' strain rate threshold, 0 e 0 e , has a significant influence on the response. For concrete, the 'static' strain range is between 5×10 -6 and 50×10 -6 s -1 above which the strain rate is quasi-static and dynamic respectively according to Bischoff 
5-Influence of Load Magnitude and Speed on the Response
An increase in load from 100 to 500 kN for a material with g = 0.026 has a significant impact on the mid-span normalized displacement, even for a relatively low speed parameter of a = 0.1 ( Fig. 20(a) ). Strain rate and stiffness increases with load and as a result, the maximum u for 500 kN is 7% lower than for 100 kN. A similar effect can be achieved with only 200 kN but increasing a to 0.3 ( Fig. 20(b) ). In the latter, the maximum u decreases from 1.28 for 100 kN ( These results indicate that changes in displacement and strain using a 'dynamic' modulus are relatively small compared to using a 'static' modulus, although they can become more important as speed and magnitude of load is increased. Hence, the effect of a viscoelastic material will be more significant when dealing with critical loading scenarios that in bridges typically consist of a number of heavy vehicles/trains crossing the bridge simultaneously. The use of a dynamic amplification factor (DAF) is a popular way of quantifying the dynamic increment in the total response to a moving load with respect to the static component. DAF is typically defined as the ratio of the maximum total response to the maximum static response at a given bridge section for a given load and response [33] . This definition of DAF corresponds to the maximum normalized response shown in Figs. 4 and 5 for displacement and strain respectively for the case of a moving point load. However, it must be noted that although maximum static response due to a point load always corresponds to the mid-span section, the latter may not hold true for the maximum total response. For this reason, some authors [36] prefer to use the concept of full dynamic amplification factor (FDAF), given by the maximum total response of all beam sections divided by the maximum static response at a specific section, typically mid-span. Therefore, FDAF • maximum midspan normalized response.
The impact of g on FDAF of mid-span displacement can be visualized versus speed parameter a in Fig. 21 . Here, the moving load is 100 kN. The numerator and denominator that define FDAF are given by the maximum total response and maximum static response respectively. As illustrated earlier, an increase in speed leads to a rise in stiffness, being the latter more significant the higher the g . If g = 0, numerator and denominator are based on the same modulus of elasticity ( s E ), but if g ¹ 0, the numerator is based on a 'dynamic' modulus of elasticity ( d E ) while the denominator of FDAF remains to be based on s E .
Therefore, the higher the g , the lower the FDAF. 052. The reader needs to be mindful that these results are based on theoretical simulations of a moving constant load over a 1-D simply supported beam where the beam section has been assumed to be rectangular and made of a homogenous material that obeys the constitutive Equation (4) in the compression side. These simulations have ignored the effect of strain rate in the tensile side, the influence of reinforcement at the bottom of the section, vehicle-bridge interaction and road irregularities. In practise, a calibrated finite element model based on specific constitutive equations developed for the bridge under investigation, will be needed to judge the degree of stiffening of the structure under the moving loads and their potential impact on FDAF. Having said this, Figs. 21 and 22 show that the dynamic component of the total response can be reduced very significantly for a strain-rate dependant material, and that a high level assessment taking into account viscoelastic properties could save a bridge from unnecessary intervention. Table 1 [37] are tested for three values of g under different load magnitudes (100 kN and 500 kN). Fig.   22 shows the pattern of FDAF of mid-span strain versus speed. For a £ 0.4, maximum FDAF of strain in Fig. 22(a) is found to be 8% less than FDAF of displacement in Fig. 22 for g = 0. Different g values produce patterns of FDAF which have similar characteristics in terms of pattern and overall shape, but typically lower FDAF values are obtained for higher g , most noticeably at the location of the peaks. It can also be seen that the FDAF peaks for g ¹ 0 take place at a higher critical speed than for g = 0. The FDAFs in the 10 m bridge ( Fig. 22(a) ) appear to be more sensitive to g than the FDAFs in the 20 m bridge (Fig. 22(b) ) due to their cross-sectional properties relative to the applied load and the strain rate that develops. For a material with g ¹ 0, the higher the load (100 kN in Fig. 22 (b) and 500 kN in Fig. 22(c) ), the more significant decrease in FDAF with respect to g = 0 (As opposed to a material with g = 0, where the FDAF pattern will not vary with the magnitude of the applied load). The analysis has revealed significant differences in the maximum FDAF for speeds below 80 m/s depending on the material: 1.42 ( g = 0) and 1.37 ( g = 0.026) for a 10 m bridge subjected to 100 kN, 1.44 ( g = 0) and 1.39 (g = 0.026) for a 20 m bridge subjected to 100 kN, and 1.44 ( g = 0) and 1.358 ( g = 0.026) for a 20 m bridge subjected to 500 kN. 
6-Conclusions
This paper has investigated the response of a beam made of a viscoelastic material to a moving load. The ratio between 'dynamic' and 'static' moduli has been assumed to be related to strain rate through a power parameter denoted g . Below a strain rate between 3×10 -6 and 30×10 -6 s -1 , the modulus of elasticity is assumed to be 'static', but once this threshold is exceeded, the 'dynamic' modulus of elasticity increases with higher strain rates. This increment depends on the selected 'static' threshold and the parameter g that measures the degree of stiffening of the material. Results have shown how strain rate and modulus vary throughout the beam length as the load moves across the structure. For a mid-span section, the largest changes in modulus of elasticity have been observed to take place approximately when the moving load is over the section. Variations in the strain and displacement response have been typically small (< 5%) for moderate loads and speeds. However, higher magnitudes and speeds of the load, and higher g values have led to higher strain rates and more significant changes in the stiffness distribution throughout the beam. The latter could take place within modern scenarios consisting of heavy loads travelling at high speed such as high-speed trains on slender railway concrete bridges. It has been shown how changes in moduli of elasticity will affect the main frequency of the beam, that will become higher the larger the a and g values. FDAF has proved to be particularly sensitive to g . For instance, the mid-span strain has experienced a peak FDAF of 1.44 in a 20 m span for g = 0, but it has been reduced to 1.39 for g = 0.026 when traversed by a 100 kN load (being g considered only on the compression side). This peak FDAF has been further reduced to 1.36 for g = 0.026 and a 500 kN load. Absolute changes in FDAF have shown to be more significant for the displacement response (from 1.54 ( g = 0) to 1.44 ( g = 0.026)) than for the strain response (from 1.42 ( g = 0) to 1.37 (g = 0.026)) when a 10 m span has been traversed by a 100 kN. It is likely that the constitutive equations and 'static' strain rate thresholds assumed here will differ from those fitting a particular concrete structure depending on the shape of the cross-section, amount of reinforcement, concrete and steel specifications, etc. Further research and experimental data is needed to accurately characterise the response of a specific cross-section to a moving load. 
